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Abstract

The numerical solution of a system of two-dimensional shallow water (Saint-Venant) differential equations in partial derivatives for modeling the
dynamics of surface runoff using digital elevation models obtained by laser altimetry leads to a significant increase in the computational load on the

computer.

The article offers a view on reasonable simplifications for the shallow water model, the two-dimensional cellular automaton for the modeling of rain
surface runoff is proposed along with adequacy analysis of the calculations performed in their practical application.
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MOAOENWPOBAHUE [IOXXAEBOIO CTOKA MNPU MOMOLLM KNETOYHOIO ABTOMATA

A. A. Bonuek, [I. A. Koctiok, [i. O. Metpos, H. H. LWewko

Pedepar

BbinonHeHWe YNCNEeHHOro peLLeHns CUCTEMbI BYMEPHbIX AnddepeHLmnanbHbIX ypaBHeHuin Menkon Bofpl (CeH-BeHaHa) B 4aCTHbIX NpON3BOAHBIX
AN MOLEn1poBaHNS AMHAMUKN ABUXEHWS BOAHbIX NOTOKOB MO LM(POBLIM MOAENsM penbeda, NOCTPOEHHbIM HA OCHOBE NTA3ePHOT0 CKaHUPOBaHWS
3EMHOIi NOBEPXHOCTY C BbICOKOI pa3peLualoLLei CnrocoBHOCTbI0, NPUBOANT 3HAUYUTENBHOMY MOBbILLIEHWIO BbIMUCAUTENBHOI Harpy3ki Ha OBM.

B nanHom cTaTbe paccmaTpuBaloTcst cnocobbl 060CHOBaHHOMO YNPOLLEHINS MOAENM ABWKEHWS BOAbI MO 3eMHOI MOBEPXHOCTM, MpeAnaraeTcs oavH
13 BapnaHTOB NMPUMEHEHUS KNETOYHOro aBToMaTa Ans MOAENNPOBaHWS AOXAEBOTO CTOKA M OLEHKa afeKBaTHOCTM BbIMOMHAEMbIX PACYETOB MU UX

NPaKTU4eCkoM NPUMEHEHNN.

KntoueBble cnosa: YpaBHeHNA MESIKON BOAbI, AOKAEBON CTOK, KNETOYHbIA aBTOMAT.

Introduction

Modeling of rainfall runoff is important as for predicting the regime of
water supply to rivers, lakes, and reservoirs, so for preventing floods in
urbanized areas. The significant improvement in the quality of 3D terrain
models due to the development of remote sensing of the Earth's surface
has led to increased requirements for the performance of hydraulic mod-
eling software. The aim of the presented work is to review reasonable
ways to simplify the model of water flow using digital models and to con-
sider the features of using cellular automaton for such purposes with an
analysis of the adequacy of the calculations performed.

Physically based hydraulic approach and ways to simplify it

The theoretical basis for rain surface runoff modeling is a physically
substantiated calculation of water flows dynamics, which is described by
a system of two-dimensional equations of shallow water (Saint-Venant)
[1] having the following form[2, 3, 18]:
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where £ is time; X and y are horizontal coordinates; h is a water depth;
u and v are depth-averaged projections of the water velocity vector onto

the horizontal coordinate axes X and Y; g is acceleration of gravity; Spy
and Sg, are bottom slopes in the direction of the horizontal coordinate
axes; Sp, and Sy, are friction slopes in the direction of the horizontal
coordinate axes [2, 4, 18]; n is the Manning roughness coefficient; r is
the rainfall intensity; f are water infiltration losses. If we neglect the iner-
tial components in the equations conservation of momentum, then it is
possible to obtain a diffusion approximation to describe the motion of
water:
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Further simplification of the diffusion equations leads to a kinematic
approximation of the description of the water motion:
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Since the river and surface runoff in conditions of a predominantly
flat terrain (which, in particular, is typical for the Republic of Belarus)
is characterized by a laminar flow, the use of the diffusion approximation
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for describing the movement of water in such conditions is permissible
[18, 20].

Application of the cellular automaton to simulate water movement

The above equations can be solved numerically using the finite vol-
ume method and the implicit Euler difference scheme [5]. The finite vol-
ume method assumes covering the area of computations with a network
of small contiguous polygonal cells and allows the researcher to decom-
pose the solution of a two-dimensional problem into a set of interconnect-
ed one-dimensional problems to calculate the fluid flow through each side
of discrete cells [3, 6].

For a wide class of fluid dynamics problems, including modeling of
surface runoff, it is considered acceptable to replace the use of difference
schemes for solving systems of partial differential equations with the use
of a cellular automaton [7, 9 — 17]. The behavior of a cellular automaton
(CA) is completely defined in terms of local dependencies as well as in a
wide class of continuous dynamic systems defined by partial differential
equations [8]. CA is a complex discrete dynamic system consisting of a
finite number of elements called cells, the state of which changes syn-
chronously over time according to a given set of rules [7, 8]. When using
a digital elevation model in the form of a set of elevation marks located at
the nodes of a regular rectangular mesh to simulate water runoff over the
earth's surface, the mesh nodes are interpreted as the centers of inde-
pendent discrete horizontal areas with a given height value, and the are-
as themselves (the bases of finite volumes) coincide with the cells of the
cellular automaton.

Development of a cellular automaton for modeling rain runoff

The structure of the cellular automaton

Based on [17], a two-dimensional cellular automaton was created for
simulating rain runoff, which is a set of k; € K elements. The k; € K
placement coincides with the location of the square-shaped elements of
the digital elevation model in the area on which liquid precipitation falls in
the form of rain, while it is assumed that the accumulated water does not
leave the DEM. Let us denote the set of elements of the cellular automa-
ton located in the J. von Neumann neighborhood with respect to k; € K

as k; € N The subset of ki€ N elements that can receive a non-
zero volume of water by overflow from k; will be denoted as k; € NI\(,’”
The following attributes are defined for each k; element of the cellular
automaton (see Figure 1): Z;, Ax, A, n; is the height (m), the length of
the side (m), the area (m?2), and the Manning roughness coefficient of the
appropriate DEM element, respectively; d; is the depth of the water layer
(m); Sj= (wl; — wi;)/Ax = Awlj/Axis the hydraulic slope between
ki and k; € N, where wi; = d; + z; and wl; = d; + z; are represent-
ing water height (m); WI,-jmax is the maximum height of the water level
among K; € NE: dj = wl; — z; is the effective water depth (m) for the
R ki _ 2/3 .
k; element in direction of k; € Nv’ij; vi= [(dy) / JSil /n; is the
speed of water stream (m/s) between k; and kj € N’\‘/’” Q,.j = Ax-dl.j.v,-j

is water discharge (m3s) between k; and k; € Nl\(,’” Qijmax is water
discharge (m®/s) between k; and the neighboring element with the maxi-
mum water height among k; € NI\(,"I],; Aty = [(wl; — wiymax)-A] /Q s
the time period (s), during which the height of the water level in the k;

element will be equalized with the neighbor for which the height of the
water level was previously determined equal to W/,-jmax in the process of

water flowing from the k; element to all neighbors for which the
wl; —wl; 2 & condition is valid; \/f}”t = Q;AT is the volume of water
transferred from k; towards the direction of kj € NI\(,’” where AT is the
step of time (s), defined for the cellular automaton at the current simula-
tion iteration; V! = ZV};‘” is the total water volume (m?), which leaves

the k; element in the direction of all k; € NI\(,’” at the current simulation

iteration; V; = Z\/ﬁ“t is the total water volume (m?), sourced from all
k; € N’ elements in the direction of k; at the current simulation iteration.

Figure 1 - The value of the effective water depth dj; for the k; element

in the direction of the neighbors k; € N‘\(,’”

The rule for changing the state of a cellular automaton

Before the start of the runoff simulation iterations, the water depth d|;
for each k; € K element it is set equal to the thickness of the water layer
precipitated in 1 second. The rule of synchronous change in the state of
k; € K elements of the cellular automaton at each iteration of the simu-
lation is described by the following sequence of steps:

1 The V;}”t and VP! values are zeroed, At; is set equal to ©0,
If the d; < (5 = 0,5-10">m) condition is true, go to step 8;
Calculate S = (Wl; — wl;)/ Ax = Awlj/ Ax for k; € NE
The k; € N elements, for which the Sjj > & condition is true, are
included into the N’\(}U set;

5 Calculate At;= [(wl; — Wll-jmax)'A] /Q;

6 Accept the AT = min(At;) value - find minimal At; among all set
of ki€ K;

7 Calculate V5" = Q;-AT and VU =y v
Calculate V; = ZVﬁm;
Decrease d|; with the V' /A value;

10 Add the total of V;/A and the thickness of precipitated water layer,
which precipitated during the AT time interval, to d; .

Analysis of the adequacy of the proposed model

The analysis of the adequacy of the proposed method for model-
ing rainfall runoff was carried out based on the execution of the sce-
nario of rainfall in an urbanized area (see Figures 2 and 3) given in
[19, p. 99] under the title “Test 8A: Rainfall and point source flow in
urban areas”. According to the scenario, liquid precipitation occurs on
an urban terrain with an area of 0.388 km? with an intensity of
400 mm/h during 3 minutes, then, 16 minutes after the end of the rain
from a point source, water begins to flow for 35 minutes with a peak
water discharge of 5 m%/s, and after 17 minutes no water runoff from
the modeling site beyond its boundaries occurs. The horizontal reso-
lution of the provided digital elevation model is 2 m, the Manning
roughness coefficient of the DEM elements representing paved areas
of the territory (roads and sidewalks) is 0.02, and the roughness of
the rest of the area is 0.05.
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Figure 2 — General view of a section of an urbanized territory
used in the scenario of modeling rain runoff
(there are no buildings on the digital elevation model)

Figure 3 — Image of a digital elevation model for a scenario
of rainfall runoff modeling: the control points for measuring
the height of the water level are indicated by numbers,
the mark “INFLOW" is the location
of a point source of water inflow [19, p. 99]

With the help of the software implementation of the proposed cellu-
lar automaton, a simulation of rain runoff with a duration of 100 minutes
was carried out according to the scenario described in [19]. The results
of measuring the height of the water level at control points No. 1 and
No. 2 are shown in Figures 4 and 5. For comparison, the figures show
the graphs of changes in the water depth at these points, obtained by
the authors of the test scenario using foreign software for hydraulic
modeling, based both on the solution two-dimensional shallow water
equations without simplifications, and on the solution of simplified diffu-
sion equations (in this case, the RFSM EDA software package was
used [20]).

The Pearson correlation coefficient was used as a quantitative
characteristic of the differences between the results of the cellular
automaton operation and the reference software. The correlation of the
obtained values of the water level height with the results of solving the
shallow water equations was 0.873 and 0.782 for control points No. 1
and No. 2, respectively, and the correlation with the solution of simpli-
fied diffusion equations was 0.943 and 0.913 for the same control
points, respectively.
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Figure 4 - Simulation results of the water level
height change at the control point No. 1
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Figure 5 — Simulation results of the water level
height change at the control point No.2

Conclusion

Considering the correspondence between the results of the analysis
of water movement using a high-resolution digital elevation model using
mathematical methods with varying degrees of simplification of the ongo-
ing physical processes, it is possible to note noticeable differences when
calculating the dynamics of transient processes between the complete
and simplified hydraulic models. Despite these differences, a simplified
hydraulic model implemented using a cellular automaton makes it possi-
ble to adequately assess not only the final picture of water spreading over
the terrain [21, 22, 23], but also the time of the end of the process of
water movement, which can be important when forecasting floods in an
urbanized area.
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